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In a previous paper [ 11, the author described a new approach to non- 
abelian simple groups of characteristic 2 type in which every 2-local sub- 
group of odd index is solvable and has cyclic Sylow subgroups for all odd 
primes (in fact, we imposed these conditions only on certain special 2-local 
subgroups of odd index). .The approach was made possible by certain new 
general results concerning groups of characteristic 2 type, which divide into 
the following three categories: 
(I) Aschbacher’s weak closure theory. 
(II) Results concerning control of Sylow 2-intersections. 
(III) Results concerning pairs of groups having a common 2-sub- 
group of odd indices. 
One of the results in category (III) deals with the pairs of groups X, Y 
satisfying the following conditions [2, 3, 43. 
(a) X and Y have a common 2-subgroup S. 
(b) (X: Sl and 1 Y: SJ are odd primes. 
(c) No nonidentity subgroup of S is normal both in X and in Y. 
(d) C,(WJ’J) d G(X) and Cy(WY)) d G(Y). 
Recently, a closer look at the analysis in [4] has shown that we can carry 
out the same analysis replacing (b) by the weaker condition (b’) and reach 
the same conclusions [S]. 
(b’) IX: S( and I Y: SI are powers of odd primes q and r, respectively, 
and Sylow q-subgroups of X and Sylow r-subgroups of Y are cyclic and 
nontrivial. 
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This improvement makes possible another approach to the afore-men- 
tioned simple groups which has no recourse to results in categories (I) or 
(II). Since this approach is quite simple, it seems in order to give a simple 
exposition as follows concentrating on essentials rather than details. The 
main result of this paper is 
THEOREM A. Let G be a group of characteristic 2 type, S a Sylow 2-sub- 
group of G, and assume that every 2-local subgroup containing S is solvable 
and has cyclic Sylow subgroups for all odd primes. Then one of the following 
holds: 
(A-l ) S is contained in subgroups X and Y of G satisfying the COR- 
ditions (a), (b’), (c), and (d) with respect to S. 
(A-2) S is contained in a unique maximal 2-local subgroup of G. 
Proof: Let 9 be the set of all subgroups X of G satisfying the following 
conditions. 
(ct) s<x. 
(8’) IX: SI is a power of an odd prime, say q, and X has nontrivial 
cyclic Sylow q-subgroups. 
Define D = fl O,(X) (XC~), and observe that D# 1 by (6). If 
O,( (X, Y)) = 1 for some pair (X, Y) of elements of CJJ’, then the pair 
satisfies (a), (b’), (c), and (d). Assume, therefore, that O,( (X, Y)) # 1 for 
each pair (X, Y) of elements of 9’. Then (X, Y) is contained in some 
2-local subgroup N. As S d N, our assumption shows that N= O,, *., 2(N) 
(see Sect. 6 of [I] for a proof). Therefore, both X/O,(N) and Y/O,(N) are 
2’-closed and, as O,(N)< O,(X)n O,( Y), it follows that O,(X) n 
O,(Y) u (X, Y) for each pair (X, Y) of elements of 9’. Therefore, we have 
D 4 X for all XE .!?‘. As every 2-local subgroup properly containing S is 
generated by members of B by our assumption and theorems of P. Hall on 
solvable groups, we conclude that S or N,(D) is the unique maximal 
2-local subgroup of G containing S. Q.E.D. 
Although this theorem is almost self-explanatory, we shall discuss each 
of the cases (A-l ) and (A-2). If (A-l) holds, then the structure of X, Y, 
and S is determined by the combined work of Gomi-Tanaka [S], Gold- 
Schmidt [2], and Fan [3]. To be more precise, let S* = (Sn 02(X))(Sn 
02(Y)), X* = S*02(X), Y* = S*02( Y), and assume, without loss of 
generality, that sZ,(Z(S))$Z(X). Then the main results of [S] classify the 
pair (X*, Y*) into four types: GL,(2)-type, G,(2)‘-type, M,,-type, and 
‘F,(2)‘-type. In particular, we have {IX: SI, (Y: SI > d (3, 5} and so the 
work of Goldschmidt and Fan determines the structure of X, Y, and S. 
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Remark. There is considerable overlap between the above three papers 
and it does not seem wise to read through all three papers. An economical 
reading is as follows: First, read through [S]. Then we see that (X*, Y*) is 
one of the four types of pairs mentioned above and (X, Y) is one of their 
extensions. Next, work out that the pairs of GL,(2)-type, of G,(2)‘-type, 
and of M,,-type each have only one isomorphism class. This task will not 
be too hard (consult Sect. 5 of [l] for a partial computation). Then, read 
Section 3 of [2] where Goldschmidt shows that each of the pairs of the 
above three types has a unique proper extension. Finally, read [6] where 
Tanaka shows that the pairs of *F,(2)‘-type and their proper extensions 
each have only one isomorphism class. 
Anyhow, (X, Y) is a pair of GL,(2)-type or G,(2)‘-type or M,,-type or 
*F,(2)‘-type, or else (X, Y) is one of the extensions by Z, of these four 
types of pairs, which we shall call pairs of Sp,(2)-type, G,(2)-type, 
Aut M,,-type, and 2F,-type, respectively. In particular, S is isomorphic to a 
Sylow 2-subgroup of one of the groups GL,(2), Sp,(2), G,(2)‘, G,(2), 
M,,, Aut M,,, *FJ2)‘, and 2F4(2). 
Let us turn to the problem of identifying G when G is simple. When (X, 
Y) is of GL,(2)-type or G,(2)‘-type or M,,-type, we shall be able to iden- 
tify G by some theorems characterizing simple groups by the structure of a 
Sylow 2-subgroup or the centralizer of an involution. When (X, Y) is of 
Sp,(2)-type or G,(2)-type or Aut M,,-type, we shall be able to show that 
G # G’ by some transfer theorems, thereby obtaining a contradiction. The 
same approach may be possible when (X, Y) is of *F,(2)‘-type or *F,(2)- 
type. However, it does not seem wise to appeal to any theorems charac- 
terizing *F,(2)’ by its Sylow 2-subgroup and to any transfer theorems when 
(X, Y) is of *F,(2)-type. It seems best to show that Y is the centralizer of a 
central involution of S and then appeal to Theorems 2 and 4 of [6] to get 
G z *F,(2)’ or *F,(2). 
If (A-2) holds, then either the unique maximal 2-local subgroup contain- 
ing S is a (not necessarily proper) strongly embedded subgroup or we may 
assume, in practice, that some maximal 2-local subgroup of G has an 
Aschbacher block in the sense of [7], and so by [S], case (A-2) is sub- 
sumed under the general theory of 2-local blocks developed by Foote [93 
and others. It should be remarked, however, that case (A-2) can easily be 
handled if every 2-local subgroup of G is solvable and has cyclic Sylow sub- 
groups for all odd primes. 
THEOREM B. Let G be a group of characteristic 2 type and assume that a 
Sylow 2-subgroup S of G is contained in a unique maximal 24ocal sub- 
group N of G and that every 2-local subgroup of G is solvable and has cyclic 
Sylow subgroups for all odd primes. Then N is a (not necessarily proper) 
strongly embedded subgroup of G unless S is dihedral, semidihedral, or 
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isomorphic to the group S = (a, b, t Ia2 = b2 = t2 = (ab)* = (atbt)2 = (at)4 = 
(at)2(bt)4 = 1). 
Remark. The group S is isomorphic to a Sylow 2-subgroup of 
Aut Sp,( 2). 
Proof Suppose N is not strongly embedded in G and pick a sub- 
group T of S so that (1) T#l, (2) N,(T)s?N, and (3) [N,(T)1 is 
maximal subject to (1) and (2). Take UE Syl,(G) so that N,(T) < N,(T) E 
Syl,(N,( T)), and take ge G so that Ug = S. As N,(T)g < NJ T)g d S, 
Alperin’s fusion theorem [lo] shows that there exist subgroups Hi of S 
and elements x~EN,(H,) (l<i<n) such that g=x1x2’..x, and 
N,(T)““““z<HH, for eachi. As IN,(T)/ <IHil<INs(H,)I and N,(T)#S, 
we have IN,( T)I < IN,(H,)( and so the choice of T forces N&H,) <N for 
each i. Therefore, g E N and NG( Tg) s! N. As N,( T)g < N,( T)g = N,( Tg), 
the maximality of 1 N,( T)J shows that N,( T)g = N,( T)g. We conclude that 
R = N,(T) is a Sylow 2-subgroup of N,(T). As NG( T) 4 N, there exist an 
odd prime q and a Hall (2, q}-subgroup X of N,(T) such that R 6 X< N. 
As R < N,(C),(X)) and NG(02(X)) C N, the above remark shows that R E 
Syl,(N,(O,(X))). Recall R # S and take an involution sR of N,(R)/R. Let 
Y= (X, P) and Q= O,(Y). As O,(N,(O,(X)))= O,(X), we have Q< 
U,(X). Also, NG(Q) Q N and (R, s) < N,(Q). Hence, Q = 1 and (X, X’) 
satisfies the conditions (a), (b’), (c), and (d) with respect o the common 2- 
subgroup R. As Xg X”, Theorem B of [S] shows that X/O,(X) r D6 and 
O,(X) ? E, or E,, or in other words, (X, X’) is of GL,(2)-type or Sp,(2)- 
type. If O,(X) g E4, then as C,(O,(X)) = C,(O,(X)) = O,(X), a famous 
lemma of M. Suzuki shows that S is either dihedral or semidihedral. 
Assume, therefore, that O,(X) z E,. Then Xg z:, x Z, (see 3.9 of [S]) and, 
consequently, R g D, x Z,. Therefore, U,(X) and O,(P) are the two dis- 
tinct elementary abelian maximal subgroups of R. As R = N,(O,(X)), this 
implies that IN,(R): RI = 2. Also, we have O,(X) n O,(T) = Z(R) = 
Z(X) Z(F). Hence, N,(R)/Z(R) g D, and .if uZ(R) is an involution of 
N,(R)/Z( R) not contained in R/Z(R), then (u, Z(R)) g D, Therefore, 
there exists an involution t in N,(R) - R. Furthermore, if u is an involution 
in N,(R)- R, then /C,(u)1 54 with equality only when C,(u) r Z,. This 
shows that, for all x E N,(N,(R)), both O2(X)X and O,(r), are contained 
in R, and hence R” = R. Therefore, S = N,(R). Now, let 1 # a E Z(X) and 
bE 0,(X)-Z(R). Then S= (a, b, t) and, as 1 # [b, b’] EZ(R) and [b, 
b’]‘= [b, b’], we have [b, b’] = aa’. Therefore, a, b, and t satisfy the 
relations for S. As ISI = JSI = 32, we conclude that SzS. 
Q.E.D. 
Through Theorems A and B, we can get a transparent proof of a 
theorem of Z. Janko on the thin finite simple groups [ 111. This may be of 
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value although Janko’s theorem looks less important than before when 
viewed from the standpoint of the recent revision program for the 
classification of the finite simple groups. 
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